The d i f f u s i o n p a t h h a s a one-dimensional f r a c t a l topology.
The d e f e c t s d i f f u s e i n a p o t e n t i a l which a l s o h a s a f r a c t a l n a t u r e , g i v i n g a b a r r i e r h e i g h t d i s t r i b u t i o n l e a d i n g t o a wide spread i n d i e l e c t r i c r e l a x a t i o n times a t low temperature. Expressions f o r d i e l e c t r i c r e l a x a t i o n and ac s u s c e p t i b i l i t y a r e d e r i v e d , and t h e i r f i t t o experimental r e s u l t s i s b r i e f l y d i s c u s s e d .
D i e l e c t r i c r e l a x a t i o n of proton g l a s s e s i s 1 The p r o t o n g l a s s Rb€+P04 (RDP) and NH415F04 (ADP). I t s c o n s t i t u e n t s , RDP and ADP.
have t h e same t e t r a g o n a l p a r a e l e c t r i c (PE) phase s t r u c t u r e . They undergo f e r r o e l e c t r i c (FE) and a n t i f e r r o e l e c t r i c (AFE) orderd i s o r d e r t r a n s i t i o n s a t 146 and 148 K r e s p e c t i v e l y which o r d e r t h e "acid" 0-H...O protons d i f f e r e n t l y . The mixed c r y s t a l RADP h a s no t r a n s i t i o n s f o r 0.22<x<0.74. but p r o t o n g l a s s (PG) behavior e x h i b i t i n g a wide spread i n d i e l e c t r i c and n u c l e a r magnetic resonance (NMR) r e l a x a t i o n t i m e s s e t s i n n e a r 75 K.
Rbl-x(NH4)x%P04
(RADP) i s a mixed c r y s t a l of which e x p l a i n s some f e a t u r e s of t h e d i e l e c t r i c r e l a x a t i o n .
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V. H. SCHMIDT T h i s model has no a d j u s t a b l e parameters. It i s based on t h r e e short-range i n t e r a c t i o n s . The f i r s t i s t h e S l a t e r i n t e r a c t i o n which g i v e s t h e nonpolar %PO4 groups found i n t h e AFE phase of ADP a n energy eo h i g h e r t h a n t h e p o l a r groups c o n s t i t u t i n g t h e FF, phase of RDP. 
.
Takagi HPO4-H3€Q4 d e f e c t be el/k=641 K a s r e p o r t e d 3 f o r p u r e RDP.
i n t e r a c t i o n s can be r e p r e s e n t e d by pseudospin i n t e r a c t i o n s .
I t i s assuned2 t h a t eo/k r e t a i n s
The t h i r d i n t e r a c t i o n i s el, h a l f t h e c r e a t i o n energy f o r a I t s v a l u e f o r a l l x i s assumed t o A l l t h e s e proton-proton 4
To summarize a review4 of e f f e c t s of t h e s e i n t e r a c t i o n s , t h e S l a t e r i n t e r a c t i o n eo a l o n e g i v e s t h e FE t r a n s i t i o n i n RDP but cannot e x p l a i n dynamic b e h a v i o r .
i n t e r a c t i o n p r e d i c t s 2 s t a t i c b e h a v i o r of RADP i n c l u d i n g t h e x-T phase diagram i f eo i s kept independent of x and e a i s p r o p o r t i o n a l t o x i n t h a t mean-field model. E x p l a n a t i o n of dynamic b e h a v i o r r e q u i r e s c o n s i d e r a t i o n a l s o of Takagi p a i r s and t h e i r c r e a t i o n energy 2el i n Monte C a r l o s i m u l a t i o n s 5 v 6 and d i e l e c t r i c and NMR r e l a x a t i o n Adding t h e c r o s s -c a t i o n ea
The c h a r t below o u t l i n e s t h e s t e p s i n t h e model c a l c u l a t i o n .
---+R( t ) = 0
Ed-+u( r ) 
Following t h e flow c h a r t from l e f t t o r i g h t , Ed i s t h e .rr? ------d e f e c t -----I --
d i f f u s i o n ---energy p e r d i f f u s i o n s t e p .MECHANISM FOR PROTON GLASS &d2'< & >=2xea2+2f ( l -f g ) &02. g 209 (1)
Here x=O.35 i s t h e ammonium f r a c t i o n i n c r y s t a l s used by Courtens
--e t ,aa. i n d i e l e c t r i c ' and B r i l l o u i n s c a t t e r i n g ' s t u d i e s whose r e s u l t s a r e compared w i t h p r e d i c t i o n s of t h i s model. The f a c t o r f =0.77291 i s t h e l i m i t i n g f r a c t i o n 2 of zero-energy S l a t e r groups i n t h e PG regime. In p u r e ADP a p r o t o n t r a n s f e r has p r o b a b i l i t y 112 each of changing U by _+2ea and of l e a v i n g U unchanged, g i v i n g t h e f i r s t term i n Eq. (1). The second term assumes t h a t t h e p r o b a b i l i t y of c r e a t i n g o r a n n i h i l a t i n g a S l a t e r group of energy 0 o r E~ i s p r o p o r t i o n a l t o t h e r e s p e c t i v e f r a c t i o n s f and 1-f of t h o s e groups a l r e a d y p r e s e n t . Because ~, = &~= 7 4 . 5 K i n our model a s d i s c u s s e d above. we o b t a i n t h e v a l u e ~~= 7 6 . 4
The E d i s t r i b u t i o n l e a d i n g t o Eq. (1) i s d i s c r e t e but n e a r l y e q u i v a l e n t t o t h e normalized g a u s s i a n form
The b i a s energy E~ i n thermal e q u i l i b r i u m must be such t h a t d e f e c t d i f f u s i o n on t h e average does n o t change t h e i n t e r n a l energy U.
The d i s t r i b u t i o n W(E) of i n t e r n a l energy change e p e r s t e p along d e f e c t d i f f u s i o n p a t h s a c t u a l l y t a k e n i s found by assuming
The assumption t h a t U i s unbiased along p a t h s a c t u a l l y t a k e n then determines t h e v a l u e of eb and g i v e s W ( E ) t h e form
I f motion of o t h e r Takagi d e f e c t s i s n e g l e c t e d , we can equate U t o a n iiJ~~~~J en^^^^ p o t e n t i a l U(r) of a d e f e c t r s t e p s along 
FIGURE 1 Typical Takagi d e f e c t d i f f u s i o n p a t h showing c r e a t i o n , d i f f u s i o n and a n n i h i l a t i o n and i l l u s t r a t i n g parameters d i s c u s s e d i n t e x t . The d i f f u s i o n p a t h s a v a i l a b l e t o a d e f e c t l o c a l l y have t h e topology of a double-branching Cayley t r e e (Bethe l a t t i c e ) because Downloaded by [Montana State University Bozeman] at 10:35 09 July 2015 MECHANISM FOR PROTON GLASS a d e f e c t can move t o two new p o s i t i o n s o r r e t u r n t o i t s former s i t e . W e made a Monte Carlo study of d i f f u s i o n on such a Cayley 21 1 t r e e f o r a number of p a t h s of maximum l e n g t h -13 s t e p s from t h e o r i g i n . s i t e s v i s i t e d obeys t h e f r a c t a l r e l a t i o n Ns=r , w i t h Hausdo_r_ff
----------_ dimensionality" D=l.15~0.05.
one-dimensional (1-d) d i f f u s i o n w i t h no s i d e t r i p s .

These s i m u l a t i o n s i n d i c a t e t h a t t h e number N s of new D
A v a l u e 1 f o r D would correspond t o
A d e f e c t can t a k e a branch p a t h a s shown i n Fig. 1 . but r e t r a c i n g t h e p a t h c a n c e l s t h e p o l a r i z a t i o n changes made while t a k i n g t h a t branch. Accordingly t h e n e t p a t h causing p o l a r i z a t i o n change i s a t any i n s t a n t s t r i c t l y I-d. Because U ( r ) along such
1-d p a t h s obeys t h e unbiased e d i s t r i b u t i o n of Eq. ( 4 ) . U(r) i s a f r a c t a l p o t e n t i a l of a type considered by Dotsenko. 11
The
d e f e c t d i f f u s i o n r a t e depends on t h e Boltzmann f a c t o r s found from U ( r ) f o r t h e d e f e c t ' s t h r e e p o s s i b l e new s i t e s , and on
t h e at~sggi s _ m _ e
zo. B r i l l o u i n s c a t t e r i n g s t u d i e s by Courtens st
--al.' f i x zo a t 5~1 O -l~ s.
Because d e f e c t d i f f u s i o n has t h e n e t e f f e c t f o r purposes of d i e l e c t r i c r e l a x a t i o n of r e v e r s i n g t h e d i p o l e s along a 1-d p a t h ,
we d e f i n e a d i f f u s i o n La;& GstJ R ( t ) of number of s t e p s t a k e n i n time i n t e r v a l t. The maximum b a r r i e r encountered i n R s t e p s , a parameter important f o r d i e l e c t r i c r e l a x a t i o n , i s about 8 & l 2 a s shown i n Fig. 1 
f o r t h e W ( E ) d i s t r i b u t i o n of 4. ( 4 ) .
d e f e c t jump time i s simply zo and i t r e q u i r e s a time n e a r to$ t o
e p s , t h u s g i v i n g t h e usual d i f f u s i o n r e l a t i o n . But i n t h e PG regime t h e l a r g e s t b a r r i e r dominates t h e d i f f u s i o n time, so
These b a r r i e r s a r e n e g l i g i b l e a t high temperature. 
V. H. SCHMIDT
apply h e r e because t h e d e f e c t d i f f u s i o n p a t h i s almost 1-d so t h a t the maximum b a r r i e r i s u n l i k e l y t o be i n a branch path.
The f r a c t i o n a l l ''&'a L e i S a d e n s i t y n i s found from t h e
Boltzmann f a c t o r f o r such groups, using t h e f a c t t h a t n < < l : n= e xp [ -( e -%'I e / kT] .
( 6 )
For t h e T a k a h d e f e c t c r e a t i o n e n s y el we choose 647 K a s d i s c u s s e d above. The average 4 L f K t a n n i h i l a t i o n p a t h l e n g t h I$ shown i n Fig. 1 i s t h e p a t h l e n g t h i n number of s t e p s from c r e a t i o n t o a n n i h i l a t i o n w i t h a new p a r t n e r . T h i s p a t h l e n g t h determines t h e s i z e of t h e mean t r a p p i n g energy a l s o shown i n Fig. 1 , by t h e same argument used above t o f i n d t h e maximum b a r r i e r h e i g h t +R1j2ed.
The second r e l a t i o n needed t o s o l v e f o r I$ and n comes from W e s e t r=Ro and f i n d N s by t h e above r e l a t i o n between N, and r.
n o t i n g t h a t t h e d e f e c t h a s p r o b a b i l i t y near n of a n n i h i l a t i n g w i t h a new p a r t n e r a t each new s i t e v i s i t e d , so on t h e average i t w i l l v i s i t Ns=n-' s i t e s , g i v i n g t h e r e l a t i o n
Both n and R, , a r e found from 4 s . ( 6 ) and ( 7 ) . and n i s
The polarizati_o_q Z e l a x a t i o s P ( t ) following s t e p removal a t t = O of a small d c e l e c t r i c f i e l d i s found by i n t e g r a t i n g t h e f r a c t i o n a l p o l a r i z a t i o n change dP/P which e q u a l s ndR(dt) i f t h e 
Such slowing down of p o l a r i z a t i o n decay n e a r Tc was seen i n Monte 6 Carlo s i m u l a t i o n s on t h e Rb-rich s i d e of t h e phase diagram.
For mixed c r y s t a l s i n t h e PG c o n c e n t r a t i o n range, Tc can be approximated by 0. I n t e g r a t i o n of Eq. ( 9 ) 
T h i s decay has I n ( t ) i n t h e exponent.
A form w i t h a r b i t r a r y power of l n ( t ) was d e r i v e d by Dotsenko,"
and by Palmer 23 a.
using two models employing h i e r a r c h i c a l l y c o n s t r a i n e d dynamics and r e l a x a t i o n of i s o l a t e d c l u s t e r s of u n f r u s t r a t e d s p i n s .
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The ac response i s found from Eq. ~1-q (sinu+jcosu)expC-a 2 by i n t e g r a t i n g t h e of a n g u l a r frequency w imes t ' < t . The found i n t h i s way i s where u=o( t -t ' ) , a=kTtav/&d , f = w t o . and 8dc and E, a r e t h e 8 ' v a l u e s a t temperatures j u s t above and below t h e d i s p e r s i o n region.
d i e l e c t r i c r e s u l t s ' and w i t h t h e r e l a x a t i o n time range found' by a -14 B r i l l o u i n s c a t t e r i n g study a t GHz f r e q u e n c i e s . 
